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F rom the definit ion of the s t ructure  factor, 

37 
Fh ---- . ~ f / h  exp ( - - 2 ~ i h . r j ) ,  (1) 

/--1 

i t  is possible to show t h a t  relat ionships exist  among the 
magni tudes  of the s t ructure  factors ( H a u p t m a n  & Karle,  
1950). In  this  note a simple s tat is t ical  relat ionship 
among the magni tudes  of the s t ructure  factors is derived 
for space group P1 which is val id for the case t h a t  the  
crys ta l  contains N identical  point  a toms per uni t  cell. 
St r ic t ly  speaking our formula holds rigorously only for 
the  case t h a t  no two intera tomic vectors coincide. How- 
ever, i t  has approximate  va l id i ty  if the  overlap of 
Pa t t e r son  peaks is small. 

In  space group P1  the normalized s t ructure  factor 
Eh is defined by  means of 

E h  ---- F h  , (2) 

which becomes, for the case of N identical  point  a toms 
(with a tomic number  Z) per un i t  cell, 

Z~ = F h / Z V N .  (3) 

Equa t ion  (1) then  implies 

1 
Eh = ~-~j=~: exp ( - - 2 a i h . r i )  , (4) 

1 ~" 
IEh[ 2 - 1  = EhE_h-- 1 = ~ ~v exp [ - - 2 z i h .  ( r / - - r / , ) ] ,  (5) 

1 

(IEhl2--1) ( IEk:--  l ) 
1 .v 

= N-- ~ ~ exp [ - - 2 n i ( h + k ) .  (ri--r/,)] + R ,  (6) 
J . i '  

where 1 

1 
R = N-- ~ : ,  ~,Zz,,,. zexp [ -- 2~ ih .  (r/-- r/,) -- 2~ik. (rz-- r r ) ] .  (7) 

1 

In  order to obta in  a meaningful  result  from (6) we need 
to average bo th  sides of (6) over all vectors h, k subject  
to the  restr ict ion t ha t  h - b k  is constant .  

I t  is readi ly  verified t h a t  the  average value of R, as 
h and  k range uni formly  over all vectors in reciprocal 
space subject  to the condit ion t h a t  h + k  is constant ,  
vanishes.  Hence (6) and  (5) imply  

lEh+kl2--1 = N((lEh[2--1)(lEklg"--l))h+k, (8) 

a formula which, in principle, enables one to compute 
the magni tude  of a n y  s t ructure  factor once the mag- 
ni tudes  of a sufficiently large number  of s t ructure  factors 
are known. An ext rapola t ion  procedure for obtaining 
intensi t ies  outside the exper imenta l ly  observable range 
is thus  indicated.  Whe the r  the observable da ta  are 
sufficiently extensive in a n y  given case to jus t i fy  the 
ext rapola t ion  m a y  be judged by  tes t ing the formula for 
several fixed h q - k  for which the [Eh+k[ 2 are known. 

I t  is interest ing to note t h a t  if the jo int  dis t r ibut ion is 
used in the  manne r  described in our Monograph (Haupt-  
m a n  & Karle,  1953) to obtain the average on the r ight  
side of (8), we find, af ter  a l engthy  computat ion,  

[Eh+k]2--1 
IV N 2: 

4J h4ZkZ  Zh÷k 
"~ ~v 2 ((]Ehl2--1)([Ek]2--1)) h+k' (9) 

where the symbol  ~ denotes probable equal i ty .  Ev iden t ly  
(10) reduces to (8) for the ease of identical  point  atoms.  

I t  is readi ly  verified t h a t  (8) is valid also for space group 
P222 if a t t en t ion  is restr icted to those s t ructure  factors 
which, as a consequence of the space-group symmet ry ,  
are not  real. This suggests t h a t  i t  would be worth-while 
to invest igate  whether  (8) has  universal  va l id i ty  for all 
non-cent rosymmetr ic  space groups. 

Equa t ion  (8) m a y  be compared wi th  the formula of 
I-Iughes (1953): 

Eh+k :-- N ½ (EhEk)h+k • (I I) 

BuHough & Cruickshank (1955) have independent ly  ob- 
ta ined formulas for space groups P 1  and P21/a by  meth-  
ods similar to those described in this  note (private com- 
municat ion) .  
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